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Vertex and edge isoperimetric constants of graphs are studied. Using a functional-analytic
approach, the growth properties, under products, of these constants is analyzed.

1. Introduction

Let G= (V,E) be a finite, undirected, connected graph. In order to study
expansion properties of graphs, Alon [1] studied the so-called expansion of G,
i.e. the isoperimetric constant hout, given by

hout = min
A⊂V

{| ∂outA| / |A| : 0 < |A| ≤ |V | /2},

where for A⊂V , ∂outA={x �∈A :∃y∈A,x∼y} is the outer vertex boundary
of A while | ·| denotes cardinality. hout is thus the minimum value of the
average out-degree of a subset of G of size at most half of |V |. A large value
of the isoperimetric number tells one that a graph does expand, at least for
large (constant fraction of |G|) subsets – for smaller subsets the bound given
by the isoperimetric number is usually far from sharp.

Recall that a k-regular graph with n vertices is called an (n,k,c)-
expander, if hout >c for some absolute constant c > 0. In applications, one
considers an infinite family of expanders with k and c fixed and n going to
infinity. Usually, one prefers k to be as small as possible and it is always
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desirable for c to be as large as possible. The explicit construction of such
a family is a non-trivial task and was first achieved by Margulis [12]. In the
present work we are interested in a different but related question. We con-
sider general graphs and take graph products rather than families of graphs.
As a result, the degree grows without bound and hout could be arbitrarily
small. We show that hout of the Cartesian product of n graphs is at least
C/

√
n, where n is the number of factors and C depends on the graph, but

not on n.
Let ∂inA = {x ∈ A : ∃ y �∈ A,x ∼ y} be the inner vertex boundary and

let ∂vA=∂inA∪∂outA be the symmetric vertex boundary. Note that ∂inA=
∂outA

c and ∂vA = ∂vA
c, where Ac = V \A is the complement of A in V .

Define the corresponding isoperimetric constants hin and hv [4] by

hin = min
A⊂V

{| ∂inA| / |A| : 0 < |A| ≤ |V | /2},

and
hv = min

A⊂V
{| ∂vA| / |A| : 0 < |A| ≤ |V | /2}.

Given two graphs G1=(V1,E1) and G2=(V2,E2), the Cartesian product
G1✷G2=(V,E) is defined as follows: V =V1×V2 is the Cartesian product of
the sets V1 and V2 while

E =
{
{{v1, v2}, {v′1, v′2}} : v1 = v′1 and {v2, v′2} ∈ E2

or {v1, v′1} ∈ E1 and v2 = v′2
}
.

As a corollary to our main result, we first obtain the following tensoriza-
tion property of hin whose proof simplifies and extends some recent work [10].

Theorem 1.1. Let G1, . . . ,Gn be connected graphs with Cartesian product
Gn=G1✷G2✷ · · ·✷Gn. Then

(1.1) hin(Gn) ≥
√
2− 1
4
√
n

min
1≤i≤n

hin(Gi).

Statements similar to (1.1) with hin replaced by hout or hv are natural
but in general, and surprisingly, false. Indeed the following two statements
hold:

Theorem 1.2. Let G1, . . . ,Gn be connected graphs with Cartesian product
Gn=G1✷G2 · · ·✷Gn. Then

(1.2) hout(Gn) ≥ 1
33
√
n

min
1≤i≤n

min(h2
in(Gi), h2

out(Gi)).
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Theorem 1.3. Let G1, . . . ,Gn be connected graphs with Cartesian product
Gn=G1✷G2 · · ·✷Gn. Then

(1.3) hv(Gn) ≥ 1
48
√
n

min
1≤i≤n

min(h2
v(Gi),

√
hv(Gi)).

We note that all three theorems above give the correct tensorization in
1/
√
n. The other factors, such as,

√
hv can sometimes also represent the right

order. We mention finally that solutions to the (inner, outer, symmetric)
vertex isoperimetric problem for the Cartesian product of a given graph G
will give precise values for hin(Gn), hout(Gn), and hv(Gn). However, these
isoperimetric problems are only solved in very few cases and, to the best of
our knowledge, the vertex-isoperimetric problem is still unsolved even for
the weighted discrete cube {0,1}n. For the important case of down-sets, it
has been solved by Bollobás and Leader [7]. The difficulty in solving such
problems come from the fact that, in general, there is no ordering on the
vertices of a graph such that initial segments of this ordering minimise the
vertex-boundary (for sets of given size).

A brief description of the paper is as follows. In the next section we intro-
duce various discrete gradients which unify the notions of edge and vertex
boundary. In Section 3, using these gradients we prove our first “tensoriza-
tion” result which in particular implies Theorem 1.1. The cases of outer and
symmetric boundaries are treated in Section 4 leading to Theorem 1.2 and
Theorem 1.3. We conclude by briefly discussing various generalizations and
extensions of our results.

2. The discrete gradient

Let G=(V,E) be a finite connected graph and let K be its adjacency matrix,
that is, for x,y∈V

(2.1) K(x, y) =
{
1, if x is adjacent to y (x ∼ y),
0, otherwise.

Let also π be a probability measure on V such that π(x)>0, ∀x∈V , e.g.
π can be thought of as the uniform measure.

Following [10] and [4], let us consider a family of discrete gradients ∇+
p f ,

∇−
p f , |∇pf |, for 1 ≤ p ≤ +∞, (whose length is) defined for any function
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f :V →R and for each x∈V by

∇±
p f(x) =


∑

y∈V

(
(f(x)− f(y))±

)p
K(x, y)




1/p

,(2.2)

|∇pf |(x) =


∑

y∈V

| f(x)− f(y)|pK(x, y)




1/p

,(2.3)

for p<+∞; and with the usual modification for p=+∞:

∇±
∞f(x) = sup

y:K(x,y)>0
(f(x)− f(y))±,(2.4)

|∇∞f |(x) = sup
y:K(x,y)>0

| f(x)− f(y)| .(2.5)

Let 1A denote the indicator function of a subset A of V . Let ∂+A=∂inA=
{x∈A :∃ y �∈A,x∼ y} be the inner vertex boundary, let ∂−A=∂outA= {x �∈
A :∃y∈A,x∼y} be the outer vertex boundary, and let ∂A=∂vA=∂+A∪∂−A
be the symmetric vertex boundary. Note that ∂+A= ∂−(Ac), ∂−A= ∂+(Ac),
and ∂A=∂(Ac).

The following proposition elucidates the relationship between the gradi-
ents and boundaries that we have just defined.

Proposition 2.1. (i) Let 1≤p<∞ and A⊂V . Then

∇+
p 1A(x) = 1∂+A(x)∇+

p 1A(x) =



(∑

y∈Ac K(x, y)
)1/p

, x ∈ ∂+A,

0 , otherwise;

∇−
p 1A(x) = 1∂−A(x)∇−

p 1A(x) =



(∑

y∈AK(x, y)
)1/p

, x ∈ ∂−A,

0 , otherwise;

|∇p1A(x)| = 1∂A(x)|∇p1A(x)| = ∇+
p 1A(x) +∇−

p 1A(x), x ∈ X.

(ii)

∇+
∞1A = 1∂+A, ∇−

∞1A = 1∂−A, |∇∞1A| = 1∂A,

and, therefore, |∇∞1A|=∇+
∞1A+∇−

∞1A.
(iii) Moreover,

∇+
p 1A = ∇−

p 1Ac , |∇p1A| = |∇p1Ac |,

for any 1≤p≤∞.



EXPANSION AND ISOPERIMETRIC CONSTANTS FOR GRAPHS 459

We see from the above proposition that ∇+
1 1A(x) simply counts the num-

ber of edges connecting x∈A with vertices in Ac. Therefore Eπ∇+
1 1A, where

Eπ is expectation with respect to π, is just, when the measure is uniform, the
size of the usual edge boundary of A. Analogously, ∇+

∞1A is the indicator
function of ∂+A, and so Eπ∇+

∞1A is the size of the inner vertex boundary
of A, while ∇−

∞1A is the indicator function of ∂−A, and Eπ∇−
∞1A is the size

of the outer vertex boundary of A.
A key property of the gradients in cases p=1 and p=∞ is the so-called

co-area formula (see [10], [4], [9], [14] and the references therein):

Lemma 2.2. For any function f :X−→R,

(i)

(2.6) Df =
∫ +∞

−∞
D1{f>t}dt,

where D denotes either one of ∇±
1 , ∇±

∞ or |∇1|;

(ii) |∇∞f |≤
∫+∞
−∞ |∇∞1{f>t}|dt≤2|∇∞f |.

Now, let Gi = (Vi,Ei) be undirected graphs equipped with probability
measures πi, and let their adjacency matrices be denoted by Ki. The Carte-
sian product (Gn,πn) of the graphs (Gi,πi), i=1, . . . ,n, is defined by setting
V n=

∏n
i=1Vi, and for x,y∈V n,

Kn(x, y) =
n∑

i=1

δ(x1, y1) · · · δ(xi−1, yi−1)Ki(xi, yi)δ(xi+1, yi+1) · · · δ(xn, yn),

where, as usual, δ(x1,y1) = 1 if xi = yi and 0 otherwise; and finally, πn =
π1⊗·· ·⊗πn.

Note that x = (x1, . . . ,xn) ∈ V n is a neighbor of y = (y1, . . . ,yn) ∈ V n,
x �=y, if and only if x and y differ in one coordinate and the coordinates are
neighbors in the factor graph.

For x=(x1,x2, . . . ,xn)∈V n, we write x(n−1) to denote (x1,x2, . . . ,xn−1).
Further, for 1 ≤ p < ∞, let ∇±

p,xn
f , be the “positive” or “negative” one-

dimensional gradient with respect to the coordinate xn, and let ∇±
p,x(n−1)f

be the “positive” or “negative” (n−1)-dimensional gradient with respect to
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the remaining coordinates x(n−1). They are respectively defined as:

∇±
p,xn

f(x) =
( ∑

yn∈Xn

((
f(x)− f(x(n−1), yn)

)±)p
Kn(xn, yn)

)1/p

,

∇±
p,x(n−1)f(x) =( ∑

y(n−1)∈Xn−1

((
f(x)− f(y(n−1), xn)

)±)p
Kn−1(x(n−1), y(n−1)))1/p

,

and similarly for |∇p,xnf | and |∇p,x(n−1)f |. In addition, define ∇±
∞,xn

f

and ∇±
∞,x(n−1)f with the usual modification, as well as |∇∞,xnf | and

|∇∞,x(n−1)f |.
The following properties follows directly from the definition of the Carte-

sian product.

Proposition 2.3. Let Dp denotes either one of ∇±
p or |∇p|, 1≤p≤∞.

(i) For any 1≤p<+∞ and for x∈V n,

(Dpf(x))p = (Dp,x(n−1)f(x))p + (Dp,xnf(x))
p,

and so

(Dpf(x))p =
n∑

i=1

(Dp,xif(x))
p.

Moreover,
D∞f(x) = max

1≤i≤n
D∞,xif(x).

(ii) For any 1≤p≤+∞ and 1≤q<+∞, for x∈V n,

max(1, n1−q/p)(Dpf(x))q ≥
max(1, (n − 1)1−q/p)(Dp,x(n−1)f(x))q + (Dp,xnf(x))

q,

and so

max(1, n1−q/p)(Dpf(x))q ≥
n∑

i=1

(Dp,xif(x))
q.

Let us now recall the definition of some isoperimetric and related con-
stants that are associated with the gradients defined above. For any p,
1≤p≤∞, let:

i±p = inf
0<π(A)≤1/2

Eπ∇±
p 1A

π(A)
, ip = inf

0<π(A)≤1/2

Eπ|∇p1A|
π(A)

.
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Note that when π is the uniform measure on V , i+∞=hin and i−∞=hout,
while i+1 = i−1 = i(G) is the edge isoperimetric number of an undirected graph.
In a similar way, for any p, 1≤p≤∞, let

ĩ±p = inf
0<π(A)<1

Eπ∇±
p 1A

π(A)π(Ac)
, ĩp = inf

0<π(A)<1

Eπ|∇p1A|
π(A)π(Ac)

.

Below we summarize some basic and elementary properties of the con-
stants we have just defined (see [14]).

Proposition 2.4. (i) All the constants are positive;
(ii) All the constants are non-increasing in p;
(iii) ĩ+p = ĩ−p ;
(iv) For any p, 1≤p≤∞,

min(i+p , i
−
p ) < ĩ±p ≤ 2min(i+p , i

−
p ) ≤ i+p + i−p ≤ ip < ĩp ≤ 2ip.

Example 2.5. (Weighted two point space) Let {0,1} be endowed with the
probability measure π= qδ0+rδ1,q+r=1, on its vertices. It is easy to see
that for 1≤p≤∞,

i+p = 1, i−p = max
(
q

r
,
r

q

)
, ĩ±p = min

(
1
r
,
1
q

)
, ip = max

(
1
r
,
1
q

)
, ĩp =

1
qr
,

where p does not play any role since the graph has only two vertices. Note
that, i−p , ip and ĩp can grow without bound, in contrast to i+p and ĩ±p .

Finally, to state our main theorem in its full generality, we will need
the functional versions of the isoperimetric constants. For any p, such that
1≤p≤∞, define the isoperimetric constants j+p , j−p , and jp by

j±p = inf
f 
=const

Eπ∇±
p f

Eπ(f −m(f))+
, jp = inf

f 
=const

Eπ|∇pf |
Eπ | f −m(f)| ,

where the infimum is over all non-constant f :V →R and m(f) is a median
of f (with respect to π). Clearly, j±p ≤ i±p and jp≤ ip.

Note that for the functional equivalent of min(i+p , i−p ), we have

min(j+p , j
−
p ) = inf

f 
=const

Eπ∇±
p f

Eπ | f −m(f)| .

With the help of Lemma 2.2, the following important relations hold true
(see [10], [4], [9], [14] and the references therein):

Proposition 2.6. (i) i±1 =j±1 and i±∞=j±∞;
(ii) i1=j1 and j∞≤ i∞≤2j∞.
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3. Isoperimetric Constants and Products

In this section we prove:

Theorem 3.1. For any 1≤p≤∞

(3.1) i+p (G
n) ≥

√
2− 1
4

1
max(1, n1/2−1/p)

min
1≤i≤n

j+p (Gi).

Therefore,

(3.2) i+∞(Gn) ≥
√
2− 1
4
√
n

min
1≤i≤n

i+∞(Gi).

The strategy of proof will be to study first a one-dimensional inequality
and then use an induction argument. Given IVar(t)= t(1− t), 0≤ t≤1, and
given a connected graph G = (V,E) with a probability measure π on the
vertices, for 1≤p≤∞, let v+

p be the optimal constant in the inequality

(3.3) IVar(Eπf) ≤ Eπ

√
IVar(f)2 + (∇+

p f)2/v+
p

2
,

for every function f : V → [0,1] and analogously for v−p and vp. Note that
v+
p = v−p by using 1− f in (3.3). Also, for indicator functions, we get the
definition of ĩ+p , so ĩ+p ≥v+

p and analogously, ĩp≥vp.
This inequality was originally proved in [2] on the two-point space

with uniform measure and for the Gaussian isoperimetric function I(t) =
ϕ(Φ−1(t)), t ∈ [0,1], where ϕ(t) = exp(−t2/2)/

√
2π, t ∈ R and Φ−1 is the

inverse of the standard normal distribution function. Nowadays, various ex-
tensions are known (see for example, [3]).

Example 3.2 (Weighted two point space continued). For 1≤p≤∞,

vp =

√
2
qr
, v+

p = v−p = min

(√
2− q

q
,

√
2− r

r

)
.

Let us show the statement for vp (see [3] for v+
p ).

To prove that vp≥
√
2/(qr), take a function f :{0,1}→ [0,1] and note that

IVar(Eπf) =Eπf(1−Eπf)≤ 1/4. Since EπIVar(f)≤ IVar(Eπf) by Jensen’s
inequality, we have that

IVar(Eπf)2 − (EπIVar(f))2 ≤ (IVar(Eπf)−EπIVar(f))2IVar(Eπf) ≤
Var(f)

2
.
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Therefore

(IVar(Eπf))2 ≤ (EπIVar(f))2 +
Var(f)

2
≤
(
Eπ

√
IVar(f)2 +Var(f)/2

)2

,

with the help of the triangle inequality Eπ

√
u2+w2 ≥

√
(Eπu)2+(Eπw)2,

applied to u= IVar(f) and w=
√
Var(f)/2. Now, if f(0) = b and f(1) = a,

then Var(f)=qr(b−a)2 and |∇pf |2(0)= |∇pf |2(1)=(b−a)2. Taking square
roots in the above inequality, we end up with

IVar(Eπf) ≤ Eπ

√
IVar(f)2 + |∇pf |2/(2/qr),

which shows that vp≥
√
2/(qr). To show that vp≤

√
2/(qr), we use a result

which will be proved later. Indeed, the first inequality in (4.7) gives λp≥v2
p/2,

and in addition λp=1/qr (see Example 4.3).

Proposition 3.3. For any undirected, connected graph,

v+
p ≥

√
2− 1
2

j+p .

Proof. Let N(x)=
√
1+x2−1. By a generalization of Cheeger’s inequality

(see [5], [10]) we have, for a function f :V → [0,1] with m(f)=0,

(3.4) EπN(f) ≤ EπN

(
2
j+p

∇+
p f

)
.

Now, the function ψ(a)=
√
a2+x2−a, a>0, is non-increasing in a. Therefore,

from (3.4), for any f :X→ [0,1] with m(f)=0,

Eπ

(√
1 + f2 − 1

)
≤ Eπ

(√
1 + (∇+

p f)2/c21 − 1
)

≤ Eπ

(√
c2(f(1− f))2 + (∇+

p f)2/c21 − cf(1− f)
)
,

with c1=j+p /2 and for some 0<c<1 to be determined later. So

(3.5) cEπf(1− f) +Eπ

(√
1 + f2 − 1

)
≤ Eπ

√
c2IVar(f)2 + (∇+

p f)2/c21.

Assume that for some c>0 and for f :X→ [0,1] with m(f)=0,

(3.6) cVar(f) ≤ Eπ

(√
1 + f2 − 1

)
.
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Then

cIVar(Eπf) = cVar(f) + cEπf(1− f) ≤ cEπf(1− f) +Eπ

(√
1 + f2 − 1

)
,

and so, by (3.5), cIVar(Eπf)≤Eπ

√
c2IVar(f)2+(∇+

p f)2/c21 or

IVar(Eπf) ≤ Eπ

√
IVar(f)2 + (∇+

p f)2/(cc1)2.

But inequality (3.6) is true with c=
√
2−1. Indeed, it is easy to check that

(
√
2−1)x2≤

√
1+x2−1, for 0≤x≤1, and since |f−m(f)|≤1,

(
√
2− 1)Var(f) ≤ (

√
2− 1)Eπ(f −m(f))2 ≤ Eπ

(√
1 + (f −m(f))2 − 1

)
.

This finishes the proof of the inequality (3.3) with

v+
p ≥ cc1 =

√
2− 1
2

j+p .

The following lemma, inspired by a result of [2] combined with Proposi-
tion 2.3, is a key step in obtaining estimates on the isoperimetric constants
of product graphs.

Lemma 3.4. Let I be a non-negative function on [0,1]. Let Dp denotes
either one of the gradients ∇±

p or |∇p|, 1 ≤ p ≤ ∞. For each i = 1, . . . ,n,
assume that the following inequality is satisfied:

(3.7) I(Eπif) ≤ Eπi

√
I(f)2 + (Dp,xif)2/v2

p, i,

for every function f :Vi→ [0,1], where 0<vp, i. Then

(3.8) I(Eπnf) ≤ Eπn

√
I(f)2 + c

(n)
p (Dpf)2/(v

(n)
p )2,

for every function f : V n → [0,1], where v
(n)
p = min1≤i≤n vp, i and c

(n)
p =

max(1,n1−2/p).

Proof. The proof is by induction. Given f : Xn → [0,1], let y = x(n−1)

and fxn(y) = f(y,xn) for ease of notation. Denote by Eπn and Eπn−1 the
expectations with respect to πn, and πn−1 = π1 ⊗ ·· · ⊗ πn−1 respectively.
From the property of Dp obtained, for q=2, in Proposition 2.3 we have that

E ≡ Eπn

√
I(f)2 + c

(n)
p (Dpf)2/(v

(n)
p )2

≥ EπnEπn−1

√
I(f)2 + c

(n−1)
p (Dp,yf)2/(v

(n−1)
p )2 + (Dp,xnf)2/v2

p, n,
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using also 1/v(n)
p ≥1/v(n−1)

p and 1/v(n)
p ≥1/vp,n. Next, we apply the triangle

inequality
Eπn−1

√
u2 + v2 ≥

√
(Eπn−1u)2 + (Eπn−1v)2,

to u(y)=uxn(y)=
√
I(f(y,xn)2+c

(n−1)
p (Dp,yf(y,xn))2/(v

(n−1)
p )2 and

v(y)=vxn(y)=
√
(Dp,xnf(y,xn))2/v2

p,n. We obtain

E ≥

Eπn

√(
Eπn−1

√
I(fxn)2+ c

(n−1)
p (Dp,yfxn)2/(v

(n−1)
p )2

)2

+(Eπn−1Dp,xnf)2/v2
p, n

≥ Eπn

√
I(Eπn−1fxn)2 + (Eπn−1Dp,xnf)2/v2

p, n,

where we used the induction hypothesis for Eπn−1 to get the second in-
equality. The convexity of the gradients Dp finally allows us to conclude the
proof:

E ≥ Eπn

√
I(Eπn−1fxn)2 + (Dp,xnEπn−1fxn)2/v2

p, n

≥ I(EπnEπn−1fxn) = I(Eπnf),

from the assumption on Eπn .

Proof of Theorem 3.1. The proof is a combination of the one-dimensional
inequality from Proposition 3.3, together with the induction step of
Lemma 3.4.

Let 1 ≤ p ≤ ∞ and recall that, by Proposition 3.3, we have inequality
(3.7) with Dp=∇+

p and vp, i=(
√
2−1)j+p (Gi)/2 for each i=1, . . . ,n, that is,

IVar(Eπif) ≤ Eπi

√
IVar(f)2 + (∇+

p f)2/v2
p, i,

for every function f :Xi → [0,1], where IVar(t)= t(1− t), 0≤ t≤1. Then, by
Lemma 3.4,

IVar(Eπnf) ≤ Eπn

√
IVar(f)2 + c

(n)
p (∇+

p f)2/(v
(n)
p )2,

for every function f :Xn → [0,1], where v(n)
p = min1≤i≤n(

√
2− 1)j+p (Ki)/2

and c(n)
p =max(1,n1−2/p). Hence, applying this to f = 1A, φ �=A� V n, we

obtain
(
√
2− 1)min1≤i≤n j

+
p (Ki)

2max(1, n1/2−1/p)
IVar(Eπn1A) ≤ Eπn∇+

p 1A.

Therefore ĩ+p (Gn) ≥ (
√
2− 1)min1≤i≤n j

+
p (Ki)/(2max(1,n1/2−1/p)) and re-

calling that 2i+p (Gn)≥ ĩ+p (Gn), finishes the proof.
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4. Expansion and Products

The methods of Theorem 3.1 do not seem to carry over to the cases of ∇−
p

and |∇p|. Therefore, we need a different approach to the tensorization of i−p
and ip. This new approach correctly captures the dependence on the number
of products n. Let ∆(G) be the maximum degree of a graph G.

Theorem 4.1. For any 1≤p≤∞,

i−p (G
n) ≥

1
4

1
max(1, n1/2−1/p)

min
1≤i≤n

(
min(1−

√
1− i+∞(Gi),

√
1+ i−∞(Gi)− 1)

)2
√
min(i+∞(Gi), i−∞(Gi))+∆(Gi)2/p

.(4.1)

Therefore,

(4.2) i−∞(Gn) ≥ 1
4
√
n

min
1≤i≤n

(
min(1−

√
1− i+∞(Gi),

√
1+ i−∞(Gi)− 1)

)2
√
min(i+∞(Gi), i−∞(Gi))+ 1

.

Similarly, for the symmetric vertex boundary we have

Theorem 4.2. For any 1≤p≤∞,

(4.3) ip(Gn) ≥ 1
4

1
max(1, n1/2−1/p)

min
1≤i≤n

(√
1 + i∞(Gi)− 1

)2

√
i∞(Gi) +∆(Gi)2/p

.

Therefore,

(4.4) i∞(Gn) ≥ 1
4
√
n

min
1≤i≤n

(√
1 + i∞(Gi)− 1

)2

√
i∞(Gi) + 1

.

In order to prove these two theorems we recall that the Poincaré-type
constants λ+

p , λ−p , and λp are defined by

λ±p = inf
f 
=const

Eπ(∇±
p f)2

Varf
, λp = inf

f 
=const

Eπ|∇pf |2
Varf

,

where the infimum is over all non-constant f :X→R (λ2 is twice the smallest
non-zero eigenvalue of the Laplacian I−K).
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Example 4.3. (Weighted two point space continued) For 1≤p≤∞,

λp =
1
qr
, λ+

p = λ−p = min
(
1
q
,
1
r

)
.

We need (see [4], [14]) the infinity analogs of the usual Cheeger’s inequal-
ity:

(4.5) ĩ∞ ≥ λ∞ ≥
(√

1 + i∞ − 1
)2

4
,

(4.6) ĩ±∞ ≥ λ±∞ ≥
[
min

(
1−

√
1− i+∞,

√
1 + i−∞ − 1

)]2
.

This last inequality (4.6) implies that

2min(hin, hout) ≥ λ±∞ ≥ min(h2
in, h

2
out).

Finally, we relate the Poincaré-type constants to the constants vp, introduced
in (3.3).

Proposition 4.4. For any 1≤p≤+∞

(4.7) λ±p ≥
v±p

2

2
≥

λ±p
2

λ±p + 2∆2/p
, λp ≥

v2
p

2
≥

λ2
p

λp + 2∆2/p
,

where ∆ denotes the maximum degree of the graph.

Proof. Let us prove the inequalities for vp. Apply (3.3) to f = 1/2+ εg,
Eπg=0. We have that Eπf=1/2, IVar(f)=1/4−ε2g2 and so (3.3) becomes

1
4
≤ Eπ

√(1
4
− ε2g2

)2
+ ε2|∇pg|2/v2

p,

which is equivalent to

1 ≤ Eπ

√
1− 8ε2g2 + 16ε4g4 + 16ε2|∇pg|2/v2

p.

For ε small, this implies

1 ≤ 1− 4ε2Eπg
2 + 8ε2Eπ|∇pg|2/v2

p ,

or Eπg
2≤2Eπ(|∇pg|)2/v2

p. By the very definition of λp, the first inequality
follows.
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To prove the second inequality, we present an argument inspired by [3].
Observe that for all u∈ [0,umax] and w∈ [0,wmax], we have√

u2 + dw2 − u ≥ Cw2,

with d = 2Cumax + C2w2
max. For u = IVar(f) and w = |∇pf |, note that

umax=1/4 and wmax=∆1/p, because 0≤f≤1. Using this and the definition
of λp, we thus obtain

IVar(Eπf)−EπIVar(f) = Var(f) ≤ 1
λp

Eπ|∇pf |2

≤ Eπ

(√
IVar(f)2 + d|∇pf |2 − IVar(f)

)
,

for d=1/(2λp)+∆2/p/λ2
p. Therefore

v2
p ≥ 1

d
=

1
1

2λp
+ ∆2/p

λ2
p

=
2λ2

p

λp + 2∆2/p
.

This finishes the proof of the second inequality for vp. The cases of v±p are
analogous and are omitted.

Proof of Theorem 4.2. All we need to do is to put together several facts.
Indeed, note that

(4.8) 2ip(Gn) ≥ ĩp(Gn) ≥ vp(Gn) ≥ 1
max(1, n1/2−1/p)

min
1≤i≤n

vp, i,

where the first inequality follows from Proposition 2.4, the second one is ob-
tained using indicator functions in the version of (3.3) for the “full gradient”
and the third one follows from Lemma 3.4.

Now for each of the factors, Proposition 4.4 and Cheeger’s inequality
(4.5) yield

vp ≥
√

2λ2
p

λp + 2∆2/p

≥
√

2λ2
∞

λ∞ + 2∆2/p

≥ λ∞

√
2

2i∞ + 2∆2/p

≥
(√

1 + i∞ − 1
)2

4
√
i∞ +∆2/p

.(4.9)
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Combining (4.8) and (4.9) finishes the proof. Note that for p <∞ better
estimates can be found, but this is of no importance to us since the case
p=∞ is our main interest in Theorem 4.2.

Theorem 4.1 can be shown in an analogous fashion and its proof is also
omitted.

Proof of Theorem 1.2 and Theorem 1.3. These follow directly from
Theorem 4.1 and Theorem 4.2. Indeed, (1.2) follows from (4.2), since
1−

√
1−a ≥ a/2 and (

√
1+a− 1)2 ≥ (3− 2

√
2)min(a2,a), for a ≥ 0, and

min(i+∞(Gi), i−∞(Gi))≤1. Analogously, (1.3) follows from (4.4).

Example 4.5 (Weighted discrete cube). Below we show how to esti-
mate the isoperimetic constants for {0,1}n directly. As before, let now Gn

be the Cartesian product of n identical weighted two-point spaces {0,1}. By
the very definitions of ĩp, and vp, Lemma 3.4 and Example 3.2, we have that
for all 0<r<1/2 and n,

ĩp(Gn) ≥ vp(Gn) ≥ vp(G)
max(1, n1/2−1/p)

=
1

max(1, n1/2−1/p)

√
2
qr
.

Hence, for all 0<r<1/2 and n,

(4.10) i∞(Gn) ≥
√

2
nqr

.

Now, the Central Limit Theorem and the de Moivre–Laplace local limit
Theorem show that for any 0<r< 1/2, there exists n0(r) such that for all
n≥n0(r), an upper bound for i∞(Gn) is of order 1/

√
nqr. This follows by

arguments used in [14] to show that

(4.11) i2(Gn) = Θ

(√
1
qr

)
.

To prove the sharpness of Theorem 1.3 we now perform some more precise
computation to obtain for all n and say, by symmetry, for all 0< r ≤ 1/2
such that nr≥2 is an integer, an upper bound on i∞(Gn). To do so, recall
Stirling’s formula with correction (see Feller [8])

√
2π nn+ 1

2 e−ne
1

12n+1 ≤ n! ≤
√
2π nn+ 1

2 e−ne
1

12n

Let now X1, . . . ,Xn be iid Bernoulli random variables with parameter r and
so Sn = X1 + · · ·+Xn is a binomial random variable with parameters n
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and r. If nr is an integer, then nr is the unique median of Sn (see [11]). Let
πn=(qδ0+rδ1)⊗n, q+r=1. Let us now study the isoperimetric ratio

πn(∂vA)
πn(A)

,
πn(∂inA)
πn(A)

,
πn(∂outA)
πn(A)

,

for a particular set A. Take

A = {x = (x1, . . . , xn) ∈ {0, 1}n : x1 + · · ·+ xn > nr} .

By the very definition of the median, πn(A) = P(Sn ≥ nr+1). Moreover,
πn(∂inA) = P(Sn = nr+1), πn(∂outA) = P(Sn = nr) and πn(∂vA) = P(Sn =
nr)+P(Sn=nr+1). Let us now estimate P(Sn=nr) via Stirling’s formula

1√
2πnrq

e
1

12n+1

e
1

12nr e
1

12nq

≤ P(Sn = nr) ≤ 1√
2πnrq

e
1

12n

e
1

12nr+1 e
1

12nq+1

.

Now, since P(Sn≥nr+1)≥ 1
2 −P(Sn=nr), we get

πn(∂outA)
πn(A)

≤ 1√
2πnrq

R1
1
2 − R2√

2πnrq

=
2R1√

2πnrq − 2R2

where

R1 =
e

1
12n

e
1

12nr+1 e
1

12nq+1

, and R2 =
e

1
12n+1

e
1

12nr e
1

12nq

.

We now show that both R1 and R2 are bounded above by constants inde-
pendent of n and p. For R2, we have

4(12nr)(12nq) ≤ (12n)2 ≤ (12n)(12n + 1) ,

and so R2≤1/4. For R1,

4(12nr + 1)(12nq + 1) ≤ (12n + 2)2 ≤ 24n(12n + 2) ,

and so R1 ≤ 1/2. Combining these results, we see that for all n and r such
that nr≥2 is an integer,

h−∞(Gn) ≤ 2
2
√
2πnqr − 1

Since nr is the median, P(Sn=nr+1)≤P(Sn=nr) and so

h∞(Gn) ≤ 4
2
√
2πnqr − 1

.
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Now, Theorem 1.3 gives us for all n and r,

h∞(Gn) ≥ 1
48
√
nqr

,

while Theorem 1.2 gives

h−∞(Gn) ≥ 1
33
√
n
.

Performing similar computations for h+
∞(Gn) ≤ C(n,r)/

√
nqr, where now

for fixed r, C(n,r) is uniformly bounded in n. Theorem 1.1 gives

h+
∞(Gn) ≥

√
2− 1
4
√
n

.

5. Concluding Remarks

• In view of the framework developed in the references of the present paper,
results similar to the ones given above continue hold, with easy modifica-
tions, in a Markov chain setting.
• (Expansion for paths and related graphs) Let Pk be the graph with vertices
V = {0,1, . . . ,k− 1} where {i, i+1} (i = 0, . . . ,k− 2) are the only pairs of
connected vertices. It is easy to see that hout(Pk) = 2/(k − 1) for k-odd,
and that hout(Pk) = 2/k for k-even. In addition, hin(Pk) = hout(Pk) and
hv(Pk)=2hout(Pk). Bollobás and Leader [6] solved the vertex isoperimetric
problem on the product of n paths Pn

k in the following sense. For any subset
A ⊂ V define the (1-) enlargement A(1) of A by A(1) = A∪ ∂outA. Now,
given a subset size, find the subsets with smallest enlargements. Using these
isoperimetric sets one recovers the following known and easy fact:

hout(Pn
k ) ≥

1
8
min1≤i≤n hout(Pk)√

n
.

An analogous result can be stated for the Cartesian product of graphs with
the same number of vertices, at least one of which is “like” a path (see [14]).
• (Threshold property of the probability of disconnecting a graph by re-
moving vertices) Margulis [13] considered the problem of disconnecting a
connected graph by removing edges randomly with probability p. The prob-
ability of disconnecting a graph as a function of p experiences a “threshold
behavior” (see also Talagrand [15]) – it jumps from 0 to 1 in a short inter-
val, that shrinks as n grows. It turned out that establishing an isoperimetric
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inequality and using the Margulis–Russo identity is enough to prove this
phenomenon. We can consider the same problem for vertices, i.e. investigate
the probability of disconnecting a graph by removing vertices with proba-
bility p. It can be shown that this function demonstrates threshold behavior
in an analogous fashion.
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